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What I do in my free time
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How it started …
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Anyone here doing SEO?
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PyFixest is for Fixed Effects

Modeling click-through rates:

𝑦 = 𝑋𝛽 + 𝐷𝛼 + 𝜀

A fixed effect is one learned baseline for each entity or 

category.

• 𝑋: rate placement and price.

• 𝐷: one-hot columns for item, rank, etc.

• 𝛼: fixed effects.

is_clicked ~ rate_placemenr + price

           | item_id + item_rank + ...
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High cardinality makes the dummy matrix enormous

High cardinality means a categorical variable has thousands or millions of distinct values.

𝐷partner ∈ {0, 1}𝑁×𝑘: 𝑁  impressions × 𝑘 item dummies

A B C D ⋯
𝑎1 1 0 0 0 0
𝑎2 0 1 0 0 0
𝑎3 0 0 1 0 0
𝑎4 0 1 0 0 0
𝑎5 0 0 0 1 0
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Naive dense normal equations do not scale

𝑍 = [𝑋 𝐷] ∈ ℝ𝑛×𝑘

𝜃 = (𝑍⊤𝑍)−1 𝑍⊤𝑦

Gram matrix

(𝑘 × 𝑛)(𝑛 × 𝑘) → 𝑘 × 𝑘
𝑂(𝑛𝑘2)

Matrix inversion

(𝑘 × 𝑘)−1 → 𝑘 × 𝑘
𝑂(𝑘3)

Cross-product

(𝑘 × 𝑛)(𝑛 × 1) → 𝑘 × 1
𝑂(𝑛𝑘)

With high-cardinality fixed effects, 𝑘 is too large to form and invert this dense system.

Economists do not want to use SGD.
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The economist’s trick: FWL removes fixed effects first

1. Demean

𝑦 = demean(𝑦, FE) 𝑋̃ =
demean(𝑋, FE)

→
2. Regress

𝑦 = 𝑋̃𝛽 + 𝜀
→

3. Same 𝛽

No fixed-effect dummies in 

the final regression.

Frisch-Waugh-Lovell: demeaning / residualizing 𝑦 and 𝑋 against 𝐷 gives the same coefficient 𝛽 as 

the full dummy regression. Demeaning is often the core computational bottleneck.
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Demeaning is OLS of 𝜇 on 𝐷

For each target 𝜇 ∈ {𝑦, 𝑋1, …, 𝑋𝑝}:

𝛼𝜇 = arg min𝛼
1
2

‖ 𝐷𝛼 − 𝜇 ‖2
2

↓

𝐺
the Gramian

𝛼𝜇 = 𝐷⊤𝜇, 𝐺 = 𝐷⊤𝐷
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A core question from Labour Economics: AKM

Does a worker earn more because of their own 

skills or because they work at a high-paying 

firm?

wage = 𝑋𝛽 + worker + firm + 𝜀

• Worker effects capture persistent differences 

between people.

• Firm effects capture persistent pay differences 

between employers.

W1 W2 W3

F1 F2

Worker–Firm bipartite subgraph

Single connected component (W1 bridges both firms)

• Movers connect firms and let us separate the two 

effects.

• Stayers alone cannot tell us which side explains 

the wage.
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The same graph appears at GetYourGuide

Connected destination network
Many travellers share Rome as a hub

Sparse destination network
Remote places form weakly connected clusters

Travellers Destinations

T1

T2

T3

T4

T5

Rome

Paris

Berlin

Madrid

Rome links every traveller's other destination

Travellers Destinations

T1

T2

T3

T4

T5

Rome

Florence

Lofoten

Reykjavik

T3 is the only bridge traveller

Little information crosses between clusters

A traveller visiting multiple destinations is a mover. Rome connects the left-hand graph; on the right, 

one traveller is the only bridge to remote places.
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The Worker-Firm Graph is Encoded in the Gramian

The same worker-firm data:

Obs Worker Firm Wage

1 W1 F1 3.2

2 W1 F2 4.1

3 W2 F1 2.8

4 W2 F1 3.9

5 W3 F2 5.0

6 W3 F2 4.5

Column order:

(W1, W2, W3, F1, F2)

𝐺 = 𝐷⊤𝐷 becomes:

𝐺 =(𝐺𝑊𝑊 𝐺𝑊𝐹

𝐺top

𝑊𝐹 𝐺𝐹𝐹 )=

2 0 0 1 1
0 2 0 2 0
0 0 2 0 2
1 2 0 3 0
1 0 2 0 3

The cross-tabulation block is:

𝐺𝑊𝐹  =
1 1
2 0
0 2

• diagonal entries: group counts

• cross-factor entries: worker-firm links
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Takin’ notes: A sign flip turns the Gramian into a graph Laplacian

Flip the sign of the firm coordinates while leaving the worker coordinates unchanged:

𝑇 = diag(𝐼𝑊 , −𝐼𝐹 ) = diag(1, 1, 1, −1, −1)

𝐿 = 𝑇𝐺𝑇 =

2 0 0 −1 −1
0 2 0 −2 0
0 0 2 0 −2

−1 −2 0 3 0
−1 0 −2 0 3

positive degrees on the 

diagonal

negative links off the diagonal every row sums to zero
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Demeaning Workhorse: The Method of Alternating Projections (MAP)

Recall: demeaning is an OLS regression of 𝜇 on 𝐷.

Start from the full block system:

(𝐺𝑊𝑊 𝐺𝑊𝐹

𝐺top

𝑊𝐹 𝐺𝐹𝐹 ) (𝛼𝑊
𝛼𝐹

) = (𝐷⊤
𝑊𝜇

𝐷⊤
𝐹𝜇)

Expand by block row:

𝐺𝑊𝑊  𝛼𝑊 + 𝐺𝑊𝐹  𝛼𝐹 = 𝐷⊤
𝑊 𝜇

𝐺⊤
𝑊𝐹  𝛼𝑊 + 𝐺𝐹𝐹  𝛼𝐹 = 𝐷⊤

𝐹 𝜇

→

Rearrange one row at a time:

𝐺𝑊𝑊  𝛼𝑊 = 𝐷⊤
𝑊 (𝜇 − 𝐷𝐹 𝛼𝐹 )

𝐺𝐹𝐹  𝛼𝐹 = 𝐷⊤
𝐹 (𝜇 − 𝐷𝑊 𝛼𝑊 )

MAP: Solve for one fixed effect, holding the other constant. Use the updated coefficients in the next 

block solve. Repeat until convergence.
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MAP’s bottleneck: poorly connected graphs

High mobility

Movers connect many firms

Low mobility and sorting

Most workers stay within local clusters

Workers Firms

W1

W2

W3

W4

W5

F1

F2

F3

F4

Workers Firms

W1

W2

W3

W4

W5

F1

F2

thin bridge

When workers rarely move, a higher worker effect can be offset by a lower firm effect. MAP needs 

many back-and-forth updates to separate them.
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Recall this?

Exactly what happened here.
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Recall that the worker-firm links are encoded in the Gramian

Across a thin bridge, MAP can move a correction only one factor update at a time.

MAP: separate updates

𝐺𝑊𝑊  Δ𝛼𝑊 = 𝑟𝑊

recompute the residual

𝐺𝐹𝐹  Δ𝛼𝐹 = 𝑟𝐹

Information reaches the other factor on a later 

update.

Joint factor-pair update

(𝐺𝑊𝑊 𝐺𝑊𝐹

𝐺top

𝑊𝐹 𝐺𝐹𝐹 ) (Δ𝛼𝑊
Δ𝛼𝐹

) = (𝑟𝑊
𝑟𝐹

)

The off-diagonal blocks record the worker-firm links.
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Pairing factors uses graph information

One block per factor

D_W

D_F

D_Y

W1 W2 W3

F1 F2

Y1 Y2

Every edge crosses a subdomain boundary — no internal edges.

One block per factor pair

W1 W2 W3

F1 F2

Y1 Y2

Worker–Firm

W
o

rk
e

r–
Y

e
a

r

Firm–Year

Core idea: Use the off-diagonal links somehow…
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How about using a Additive Schwarz (Pre-) Conditioner…?

…for poorly conditioned systems.
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Preconditioning reduces iterations without changing the solution

𝐺𝛼 = 𝑏

↓

𝑀−1𝐺𝛼 = 𝑀−1𝑏

Effect of preconditioning on convergence
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10⁻²

10⁻⁴

10⁻⁶

tol = 10⁻⁸

Unpreconditioned LSMR

Preconditioned (factor-pair Schwarz)

A good 𝑀−1 approximates 𝐺−1 closely enough to accelerate an iterative solver. The approximation 

needs to be low cost!
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Factor-pair corrections precondition the global LSMR iteration

Build once from fixed-effect graphs

Worker-Firm

local pair step

Worker-Year

local pair step

Firm-Year

local pair step

independent factor-pair subproblems

Factor-Pair Schwarz Preconditioner

combine local corrections with overlap weights

stored and reused across right-hand sides

apply during each iteration

Outer LSMR Iteration

iterates on the original fixed-effect problem

repeat for y and each column of X

next Krylov vector

residualized outcome and covariates
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Schwarz corrects connected factor pairs

MAP applies a diagonal inverse:

𝑀−1
MAP,𝑊 = 𝐺−1

𝑊𝑊 .

Schwarz applies a coupled pair 

inverse:

𝐴𝑊𝐹 ≈(𝐺𝑊𝑊 𝐺𝑊𝐹

𝐺top

𝑊𝐹 𝐺𝐹𝐹 )−1

Diagonal preconditioner

worker and firm counts only

Factor-pair correction

adds worker-firm match counts

W1 W2 W3 F1 F2

W1

W2

W3

F1

F2

W1 W2 W3 F1 F2

W1

W2

W3

F1

F2

2

2

2

3

3

diag(GWW, GFF)

The two factors are corrected separately.

2

2

2

3

3

1 1

2

2

1 2

1 2

GWF

The correction also uses CWF.

Orange cells are worker-firm counts omitted by diagonal preconditioning.

diagonal count blocks worker-firm match counts
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Task: Approximate 𝐺−1
pair cheaply for each pair

Pair block

𝐺pair

Exact inversion is costly

→
Sign flip

𝑇 = diag(𝐼𝑊 , −𝐼𝐹 )

𝐿 = 𝑇𝐺pair𝑇

→
Laplacian

𝐿

Sparse graph structure

→

Approx. 

Cholesky

𝐿 ≈ 𝑅𝑅⊤

Build sparse 𝑅 once

Gao, Kyng, and Spielman (2026), AC(k): Robust Solution of Laplacian Equations by Randomized Approximate Cholesky Factorization, SIAM J. Sci. Comput.
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1,582 → 17

Configuration Iterations Median time Converged

Off 1,582 0.101 s yes

Additive 17 0.0049 s yes
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What 1, 582 → 17 looks like

Effect of preconditioning on convergence
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within Off

within Additive
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What 1, 582 → 17 looks like

Effect of preconditioning on convergence
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17 iterations

within Off

within Additive
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“Why not?”
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Bilbo agrees: “Why not?”
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Kristof thought: why not implement it in Rust?
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How we split the work
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Use it directly or through PyFixest

within

from within import solve_batch

targets = np.c_[y, X]

r = solve_batch(fe, targets)

y0, X0 = r.demeaned[:, 0], r.demeaned[:, 1:]

beta = np.linalg.lstsq(X0, y0)[0]

PyFixest

import pyfixest as pf

solver = pf.LsmrDemeaner(backend="within")

ols = pf.feols("Y ~ X1 | f1 + f2", data, 

demeaner=solver)

pois = pf.fepois("Y ~ X1 | f1 + f2", data, 

demeaner=solver)
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Benchmarks (1/5): PyFixest MAP

Increasing sorting Decreasing mobility
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Benchmarks (2/5): + R fixest MAP

Increasing sorting Decreasing mobility
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Benchmarks (3/5): + Julia LSMR

Increasing sorting Decreasing mobility
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Benchmarks (4/5): + within (CG)

Increasing sorting Decreasing mobility
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Benchmarks (5/5): + Torch (CUDA)

Increasing sorting Decreasing mobility
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Factor-pair preconditioning stays fast at the same accuracy

At the same coefficient error, factor-pair preconditioning remains fast as connectivity weakens.
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The same preconditioner can be reused for Poisson

1M observations; median of three full fepois calls; common 100-step IRLS cap.

Design FE PyFixest

MAP

fixest GLFEM.jl PyFixest LSMR

factor-pair

simple (well-connected) 3 7.95s 4.63s 5.71s 9.74s

difficult (near-nested) 3 capped (0/3) 439.3s 129.8s 5.52s

The first IRLS step builds the factor-pair preconditioner; later weighted least-squares steps reuse it.
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Thank you!

Paper

github.com/py-econometrics/within-paper

Solver

github.com/py-econometrics/within
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“Converges and runs very fast!” =)
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